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A test of special relativity is proposed by conceiving a rather natural generalization of the 
minkowskian spacetime. This is mathematically similar to generalizing the notion of finite dimen-
sional Banach space of the related Hilbert space concept. A corresponding experiment might be 
feasible with appropriate quantum optical methods. 

I. Introduction: A Simple Relativistic Particle 

This is known to obey the Hamiltonian principle of 
motion 

(5 j d i = 0 with <5x° = 0 = <5x*, (1) 

where d t := [ /d t 2 — Cq 2 dr2 = dt | / l - Cq2 v2 is the 
eigentime increment, v := dr/dt the usual velocity of 
the particle, and c0 the velocity of light in vacuo. 
Hence the Lagrangean L is given by ^ 

L(v) := -c2
0m | / l -Cq 2 v2 = - c £ m + (l/2) mv2+ ... . 

The corresponding canonical momentum p := dL/dv 
turns out to be 

p = m v / ] / \ - C q 2 v 2 , 

so that 

v = c0p/\/clm2+p2 ; (3) 

and thence the Hamiltonian H, as defined by H(p) := 
p • v(p) — L(v(p)), becomes 

H(p) = c0 ]/c2m2 + p2. (4) 

With the canonical energy rj := H we check the well 
known square of the mass invariant: cö2r]2 — p2 = 
Cq m2. Hamilton's canonical equations dp/dt = — dH/dr, 
dr/dt = + dH/dp here read dp/dt = 0 and dr/dt = 
cop/yclm2 + p2. The last quantity coincides, of 
course, with the velocity v in (3); but now we know 
that the momentum is a constant motion: p(t)=p0. 
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Consequently r ( t ) = r 0 + » 0 t with v0=c0p0/y,clm2 + p2
Q, 

so that p0 = mv0/\/1 — Cq2Vq. This is free motion 
within relativistic kinematics: |» 0 | < c0 as m2> 0. 

II. Introduction of a Weak Ether Wind 
for this Mass Point 

We replace the extremely simple expression d i 2 = 
X dxM dx" in the variational principle by the still rather 

simple formula 

dr 2 = d i 2 + (T c0-4 ( 2 > M d x ^ 2 with \ a \ < l , (5) 

where the w^ are the covariant components of an exter-
nal four-velocity w, and t / := dx^/dt the contravariant 
components of the particle four-velocity u, so that 
(u°; u\ u2, u3) = (c0; vx, vy, vz)/]/\-Cq2v2 with v = 
(vx, vy, vz). Both four-velocities are unit-vectors times 
c0, which means that w2 = Cq and u2 = c\, where w2 : = 
w • w := X W1 := Wq— h>2 as well as u2 := u • u := 

X uß uß := Uq— u2. We are using the usual Ricci cal-
M 
cuius: a • b := b^ and ^ = Z G^ b\ where gßy> := 

II V 
0m<5mv with -g0= gl = g2 = g3=-1. Thus our no-
tions and notations are formally covariant; yet the 
physical structure is not relativistically invariant, be-
cause w distinguishes one inertial frame of reference 
from all the others. This "absolutely resting" frame is 
that one in which the only nonvanishing component 
of w is the temporal, hence 

w = (c0; 0 ,0 ,0) (6) 

in the preferred frame of reference, and only in this 
frame. 
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The ether we are considering is not a mechanical 
one but like that of H. A. Lorentz, of a purely func-
tional nature. In that it is similar to the accelerational 
or inertial ether that Einstein and Hermann Weyl 
conceived for gravitation. But for now, we disregard 
gravity. 

It is important to note that (x°; x1 , x2 , x3) := 
(c0t;x,y,z) are the minkowskian coordinates of the 
event x as occurring in the original field equations of 
electromagnetism. This part of the theory is assumed 
to be exactly Lorentz-invariant. The particle, on the 
other hand, is supposed to be subject to an indefinite 
metric which is a pseudo-banachian (or pseudo-fins-
lerian) generalization of the usual pseudo-euclidean 
(or pseudo-riemannian) type of metric. 

III. The Canonical Formalism 

For the Lagrangean of the particle we thus obtain 
the following expression, which no longer obeys strict 
relativity: 

L(v) := -elm ] / l — c 0
 2v2 + oc0

 4 ( w 0 c 0 - w • v)2 (7) 

with w0 = c0 and w = 0 in the resting frame, according 
to (6). The corresponding values of w0 and w in a 
moving frame are given by the appropriate Lorentz 
transformation to the effect 

w = (c o ;0 , 0, c 0 ß ) / ] / l - ß 2 , (8) 

if (0, 0, c0ß) is the absolute velocity of the moving 
frame, where "absolute" means "relative to the rest-
ing f rame". The four components in (6) are absolute 
ones, those in (8) being relative. 

The canonical momenta are again easily evaluated 
with the following result: 

p = m 
v + o cQ

 2(w0c0— w v)w 
(9) 

| / l - c 0
 2 1 ) 2 +(7C 0

4 (W 0 C 0 -W ti)2 

which agrees to the first order in a with the expression 

' + <7Co 2 (w 0 c 0 — w • l?H>) 

- - P l / l - C o 2 f 

1 _ 4 (W 0 C 0 -
- J °co 

QCQ- w rt>)21 

l/l-cö2 v23 J ' 
(10) 

In order to solve this for v we first recall the zeroth-or-
der relations (3), so that w 0 c 0 — w • v = c 0 (w 0 — w p j 

|/cq m2 +p2) to the zeroth order of a. We then derive 
the first-oder subsidiary relations 

(c2m2 + />2)(l-c0-2 i>2) 

= cim 4- am 
WqCQ- w-V 

c2 c0 

(WqCq- w • v)2 

r 4 co 
°2 1 

1 - C Ö 2 ® 2 J 

= czm — a c w n -
p • w 

1fc2 m2 + p2 

Wo/» ~ 
2c2

Qm2 + p2 

j f ä m2 + p2 
p w\. (11) 

With their help we find that 

c0 P 
]/c2

0m2 + p2 

1 

-I- oc 
w • p 

]/c2m2 + p2 

p w \ p 

(12) 

j/c2
0 m2 + p2 J |/cq m2 + p 

— w 

to the first <r-order. By inserting this into the defini-
tion of the Hamiltonian we finally obtain 

H(p) = c0 ]/c2m2+p2 

1 + k a c0 Wn-
p • W 

}/c2m2 + p2 
(13) 

up to first order in er inclusive. By using the imper-
turbed energy 

r\ := c0 ]/clm2 + p2 , (14) 

this reads H=r\+ j or/~1(w • p)2, where the (formal 
invariant or) four-scalar w • p := cö2w0rj — w • p is 
used. A check is provided by comparing the Hamilton 
equation v = dH(p)/dp with (12). 

IV. The Kinematically Perturbed Atom 

Next we apply this hypothesis to a hydrogen atom 
by assuming an infinitely heavy spinless point proton 
moving with the constant velocity c0 ß, and a spinless 
point electron which - consequently - has also no 
magnetic moment. This means that the Coulomb 
energy — (e2/47i£0) | r | _ 1 has to be subtracted from 
the Lagrangean and thence added to the Hamiltonian. 
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This now reads 

H{r,p) = c0 j/c2
0m2

e+p 

l + I<7Co2 W n -
p • w 

\/c2
0m2 + P2 

(15) 
_2 

47T 

where n 0 := Eq1, and (w0, H>) is given by (8). We may 
assume that \p \ c0me; in the n-th level of the Rydberg 
atom, Co 1 m'1 \p\ ~ cc/n, where a := Cq1 h'1 e2 n0/4n 
= 1/137.0(4) and n ~ j • 102. Therefore 

H(r,p) = c2me + jme~1p2 

+ [2 C02w0(C0me + f me1p2) 

~ c0 1 WoP ' w + 2 C0 2 m e 1 (P ' W)2] 

(16) 

4n \r\ 

<iP • w)2)^ = <P2>10) <cos2 3>i°J with <cos2 9>}°J = 
m 2 / l ( l+1) according to the Wigner-Eckart theorem *. 

Hence 
1 

Efilm — ~ y 

1 — <7 

47t 

c 0
2 w £ + c 0

2 

(18) 

m 

1(1+1) 
+ 4 a m„ w 

For fast atoms we have approximately c0
 2 m>2 = 1. 

Therefore the spread of the sublevel Enl becomes 

öEnl=Enll-Enl 0 = \a 

Its maximum value is 

TIq^ 

47t 
/ 

c2 / + 1 

in the first order of a and in the second order of 
Cq 1 \v |. Again we may check that v = dH/dp, where 

® = me
 lP + O Cq2 m~ 1 W 2 p - Cq 1 W 0 H> 

+ Co • w ® w) (17) 

for er 1 and | v | c0, in the first order of both. 
The rest energy of the electron accounts to Cq me = 
0.510.99(9) MeV. 

All our relations are valid in the quantal variant of 
this particle dynamics as well as in its classical version. 
The quantization of the originally classical reading is 
as usually done by straightforwardly interpreting all 
dynamical variables as linear operators which act -
according to Schrödinger and Born - on a probability 
amplitude tl/(r). The position r is then a multiplicative 
operator and the m o m e n t u m p = —ih 6/0r a differen-
tial operator, derived from the de Broglie relation 
p = hk together with Fouriers relation k = —i d/dr. 

As is well known, the stationary states of our per-
turbed hydrogen atom are represented by the normal-
izable eigenfunctions 1l/„lm of the Hamilton operator 
H(r,—ihd/dr), belonging to negative eigenvalues 
Enlm with « = 1 , 2 , 3 , . . . ; / = 0 , 1 , 2 , . . . , n—1; and 
m = I, I— 1 , . . . , 1 — 1,— I. For (7 = 0 the eigenfunctions 
are of the form i^ntm(r) </>); and their 
energies En = — \ (n0/4n)2e4'h~2me/n2 depend only 
on n := 1 + nr + I, where nr = 0,1, 2 , . . . and / = 
0,1, 2 , . . . may be freely chosen. Now it will be espe-
cially convenient to have the z-axis parallel to our 
geometric perturbation field w, as we have already 
assumed in (8). The ensuing calculations are simplified 
by the symmetry relation = 0 and the virial 
theorem <p2)J,0) = — Finally we have 

öEn = öEn{n_1) = ~c 
7ine2\2 h 2 m„ 

= a-\ln\ = o 

4n 

fic0Re 

(19) 

(20) 

for n > 1 and | w | « c 0 , which is equivalent to 
0 < 1 - ß « 1. Here, h c0 Re = ± a 2 c2 me = 13.60(6) eV is 
the Rydberg energy, RJ2 n = j e4 (4 n s0) ~ 2 Cq 1 h ~ 3 /2 n 
= 1.097'373'15(7) • 107 m _ 1 being the inverse Rydberg 
wave length. 

V. Contact with Experiment 

With present laser techniques ** it seems possible to 
achieve an accuracy of about |<r| < 1 0 - 6 for a test of 
this elementary kind of ether wind. 
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Because of X m2 = i / ( /+1)(2/+1) we obtain 

hence 
V < c o s 2 9>S°m, = i (2 /+ l ) , 

£ <(P-H')2>Z = |(2/+l)H'2<p2>i0) , -I 3 

as must be by symmetry. 
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